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1. Introduction
Let F be a field, let A be a vector space over F , and let GL(F,A) denote the group of all
automorphisms of A. As usual, a group G that is isomorphic to a subgroup of GL(F,A) is
called a linear group; such groups are among the oldest subjects of investigation in group
theory. If dimF A, the dimension of A over F , is finite, then G is often called a finite
dimensional linear group. Such groups have been well-studied, partly because of the well-
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n = dimF A.
When A is infinite dimensional over F , however, the situation is totally different; the
study of this case always requires some additional restrictions. This situation is akin to that
encountered in the branch of infinite group theory in which groups satisfying some form
of finiteness condition are studied. Given the success that this study has enjoyed, it seems
reasonable to study linear groups with finiteness conditions, and indeed some progress has
already been made with certain types of linear group for which dimF A is infinite. We recall
that a linear group G is called finitary if for each element g ∈ G the subspace CA(g) has
finite codimension in A. Thus, a finitary linear group can be viewed as the linear analogue
of an FC-group (that is, a group with finite conjugacy classes). Many results have been
obtained concerning finitary linear groups (see the excellent paper [10] and the survey
[11], for example).
A problem of particular interest for group theorists was that of O.Yu. Schmidt
concerning the structure of groups in which all proper subgroups are finite. From this
arose the problems of S.N. ˇCernikov and R. Baer concerning the structure of groups
with the minimal condition and groups with the maximal condition, respectively. Here
we investigate similar problems for linear groups.
Let H be a subgroup of GL(F,A) and note that H acts on the quotient space A/CA(H)
in a natural way. We define dimF H to be dimF (A/CA(H)) and say that H has finite
central dimension if dimF H is finite and has infinite central dimension otherwise. Thus
H has finite central dimension precisely when CA(H) has finite codimension in A. At the
risk of being overly pedantic, we remark that in the above definitions it is crucial that H
is a subgroup of a particular general linear group. It is easy to construct embeddings of
a group H in two general linear groups such that H has finite central dimension when
viewed as a subgroup of the first but not the second. Consequently, we may not speak of
‘the class of groups of finite central dimension.’ On the other hand, it will be convenient
for us to write statements like ‘H is a group of finite central dimension,’ suppressing
reference to the particular embedding of H in a general linear group GL(F,A). This
should cause no confusion. Similarly, if H is a group of (in)finite central dimension and
K is a subgroup of H , then K is itself a subgroup of a general linear group in an obvious
way, and so it is meaningful to ask (for instance) whether K has finite central dimension.
With this slight abuse of terminology being understood, we observe that if H has finite
central dimension and K  H , then CA(H) CA(K), so CA(K) has finite codimension
in A, and hence K also has finite central dimension. Thus, every subgroup of a group
with finite central dimension group again has finite central dimensional. Notice that a
finite group can have infinite central dimension. Also, if H has finite central dimension,
then there is a natural embedding of H/CH(A/CA(H)) in the finite dimensional linear
group GL(F,A/CA(H)). It is easy to check that CH(A/CA(H)) is abelian; this group is
torsion-free if the characteristic of F is zero and is an elementary abelian p-group if the
characteristic of F is the prime p.
Let GGL(F,A) and let
Lid(G) = {H G | H has infinite central dimension}.
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subgroups with infinite central dimension or, more briefly, that G satisfies min-id.
In this paper we shall study both locally soluble and locally finite linear groups G
satisfying min-id. In Sections 2 and 3 we obtain a number of useful results that we exploit
throughout the paper. For example, it turns out that if G has infinite central dimension,
then the derived factor group G/G′ must be a ˇCernikov group and also that groups with
min-id are either finitary groups or have the minimal condition on subgroups. In Section 4
we show that locally soluble groups with min-id are soluble, thereby extending a well-
known result for finite dimensional groups. Of course, one cannot expect a bound on the
derived length of such a group in terms of any sort of invariant. We use this information
in Section 5 to obtain the structure of almost locally soluble groups with min-id, where we
here recall that a group is called almost locally soluble if it has a locally soluble subgroup
of finite index. Here the characteristic of the field plays an important role in our discussion.
We summarize the results of Section 5 in the following theorem.
Theorem A. Let G be an almost locally soluble subgroup of GL(F,A) that has infinite
central dimension and satisfies min-id. Then G is almost soluble and satisfies min-n, the
minimal condition on normal subgroups. If F has characteristic 0, then G is a ˇCernikov
group. If F has characteristic p > 0 and if G is not ˇCernikov, then G contains normal
subgroups P D  G such that P is a nilpotent bounded p-group, D/P is a ˇCernikov
divisible p′-group, and G/D is finite.
In Section 5 we give examples that show that groups G of the kind considered above
need not be ˇCernikov.
In connection with the group D referred to above, we note that the structure of
metanilpotent groups satisfying min-n that have no non-trivial finite images has been
obtained by Silcock [13]. We also point out that Meierfrankenfeld, Phillips, and Puglisi
[9] have obtained results concerning locally soluble finitary linear groups. Our condition
min-id is somewhat stronger than their assumptions, allowing us to obtain the more-precise
structure theorem above.
In Section 6 we obtain our main result (Theorem 6.2) which shows that an infinite di-
mensional locally finite group satisfying min-id is soluble-by-finite; this combined with
Theorem A provide strong structural results in the locally finite case. The proof of Theo-
rem 6.2 uses important work of Belyaev concerning groups of finitary transformations.
Notation that is used but not explained in the sequel is that in standard use and we refer
the reader to [12] for this.
2. Preliminary results
We begin by assembling some elementary facts about an arbitrary group GGL(F,A).
Recall that if K  H  G and H has finite central dimension, then K has finite central
dimension. If U,V G have finite central dimension, then CA(U) and CA(V ) have finite
codimension in A, whence so does CA(〈U,V 〉) = CA(U) ∩ CA(V ) and it follows that
〈U,V 〉 also has finite central dimension. Suppose now that G satisfies min-id. It is clear
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there is a natural number n such that Hn has finite central dimension. Moreover, if N G
and N has infinite central dimension, then G/N is a group with the minimal condition. We
shall use these facts quite often in the sequel.
The following three lemmas are quite easy.
Lemma 2.1. Let G  GL(F,A) and suppose that G satisfies min-id. Let X,H be
subgroups of G and Λ an index set such that
(i) X = Drλ∈ΛXλ, where 1 = Xλ is an H -invariant subgroup of X, for each λ ∈ Λ;
(ii) H ∩ X Drλ∈Γ Xλ for some subset Γ of Λ.
If Ω = Λ \ Γ is infinite, then H has finite central dimension.
Proof. Suppose that Ω is infinite and let Ω1 ⊇ Ω2 ⊇ · · · be a strictly descending chain
of subsets of Ω . Since H ∩ Drλ∈Ω Xλ = 1, the chain of subgroups 〈H,Xλ | λ ∈ Ω1〉 >
〈H,Xλ | λ ∈ Ω2〉 > · · · is strictly descending and it follows that for some natural
number d , 〈H,Xλ | λ ∈ Ωd〉 has finite central dimension. Hence, H also has finite central
dimension. 
Lemma 2.2. Let G  GL(F,A) and suppose that G satisfies min-id. Let H,K be
subgroups of G such that KH and suppose that there exist an index set Λ and subgroups
Hλ of G such that K < Hλ for all λ ∈ Λ. Suppose that H/K = Drλ∈ΛHλ/K and that Λ
is infinite. Then H has finite central dimension.
Proof. Suppose that Λ is infinite and let Γ and Ω be infinite disjoint subset of Λ such that
Λ = Γ ∪Ω . Let U/K = Drλ∈Γ Hλ/K , let V/K = Drλ∈Ω Hλ/K , and let Γ1 ⊇ Γ2 ⊇ · · · be
a strictly descending chain of subsets of Γ . Then we obtain an infinite descending chain
〈U,Hλ | λ ∈ Γ1〉 > 〈U,Hλ | λ ∈ Γ2〉 > · · · ,
of subgroups and it follows easily from the min-id condition that U has finite central
dimension. Likewise, V has finite central dimension and, since H = UV , it follows that H
also has finite central dimension. 
We now show that the elements of infinite order in a group satisfying min-id are quite
well-behaved. (In contrast, if dimF A is infinite, it is easy to find finite cyclic subgroups
of GL(F,A) that have infinite central dimension.) The reader is referred to Lemma 3.2 for
further information concerning this point.
Lemma 2.3. Let G  GL(F,A) and suppose that G satisfies min-id. Suppose also that
g ∈ G has infinite order. Then 〈g〉 has finite central dimension.
Proof. Let p,q be distinct primes greater than 3 and let u = gp , v = gq . Then there is an
infinite descending chain 〈u〉 > 〈u2〉 > 〈u4〉 > · · · so, for some natural number k, 〈u2k 〉 has
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central dimension and it follows that 〈g〉 = 〈u2k 〉〈v3l 〉 also has finite central dimension. 
Our final result in this section give us important information about the derived factor
group.
Lemma 2.4. Let G  GL(F,A) and suppose that G satisfies min-id but does not have
finite central dimension. Then G/G′ is a ˇCernikov group.
Proof. Suppose for a contradiction that G/G′ is not ˇCernikov and let S = {H  G |
H/H ′ is not ˇCernikov and dimFH is infinite}. Then S = ∅ since G ∈ S and since S
satisfies the minimal condition it has a minimal element D, say. If U,V are proper
subgroups of D such that D = UV and U ∩ V = D′, then at least one of these subgroups,
U say, has infinite central dimension. The choice of D implies that U/U ′ is ˇCernikov.
Hence, U/D′ ∼= (U/U ′)/(D′/U ′) is also ˇCernikov. Since U has infinite central dimension,
it follows that the abelian group D/U is also ˇCernikov. Hence D/D′ is ˇCernikov, contrary
to the choice of D, and this argument shows that D/D′ is indecomposable. Hence
D/D′ ∼= Cq∞ , for some prime q , which yields a final contradiction. The result follows. 
3. Further properties of linear groups with min-id
The results of this section show that linear groups satisfying min-id often are finitary.
For a linear group G we let
FD(G) = {x ∈ G | 〈x〉 has finite central dimension}.
Since CA(xg) = CA(x)g for all x,g ∈ G, it is easy to see that FD(G) is a normal subgroup
of G, which we call the finitary radical of G. This subgroup will play an important role in
this section. Indeed, Lemma 2.3 shows that FD(G) contains all elements of G of infinite
order. Clearly FD(G) is finitary.
Lemma 3.1. Let G  GL(F,A) and suppose that G satisfies min-id. Then G either is
periodic or G is a finitary linear group.
Proof. We suppose to the contrary that G is neither periodic nor finitary and let S =
{H  G | H is not finitary and not periodic}. Then S is non-empty. If a subgroup H is
not finitary, then there is an element h ∈ H such that A/CA(h) has infinite dimension
and hence H has infinite central dimension. Hence S ⊆ Lid(G) and S therefore has the
minimal condition. Let D be a minimal element of S , let L = FD(D), and note that L = 1,
since D is not periodic. If L S D and S = D, then S is finitary so S  L. Hence D/L
has order q for some prime q . Let x ∈ D \ L. If a is an element of infinite order, then the
minimal choice of D implies that 〈x, a〉 = D. It follows that L is also finitely generated and
since L is finitary, A/CA(L) is finite dimensional. Since LD, the subspace C = CA(L)
is an FD-submodule of A and if R = CD(A/C), then R D and D/R is isomorphic to a
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is an elementary abelian p-group when F has characteristic p > 0 and otherwise is torsion-
free abelian. By a theorem of Mal’cev (see [14, Theorem 4.2]), D/R is residually finite.
Let U be a normal subgroup of D of finite index. Then U is not periodic and so 〈U,x〉 is
neither periodic nor finitary. The minimal choice of D implies that D = 〈U,x〉 and hence
D/U is abelian. If E is the finite residual of D, it follows that D/E is abelian and hence,
since E  R, D/R is also abelian. Therefore D/(R ∩ L) is abelian so that D is a finitely
generated metabelian group. Hence, by a theorem of P. Hall (see [12, Theorem 9.51]), D is
residually finite and, as above, D is therefore abelian. Since D = U〈x〉 for every subgroup
U of finite index, it follows that D is infinite cyclic. However, Lemma 2.3 now yields the
final contradiction that D is finitary. 
Lemma 3.2. Let G be a periodic subgroup of GL(F,A) and suppose that G satisfies
min-id. Then either G has the minimal condition or G is a finitary linear group.
Proof. Suppose, for a contradiction, that G is neither finitary nor satisfies the minimal
condition and let
S = {H G | H is neither finitary nor has the minimal condition}.
Then S = ∅ and satisfies the minimal condition. Let D be a minimal element of S . We
first show that D is locally finite. Let L = FD(D). There is an infinite strictly descending
chain of subgroups of D, H1 > H2 > H3 > · · ·, so since D has min-id, there is a natural
number d such that Hd has finite central dimension. Clearly Hd  L and hence L does
not satisfy the minimal condition. It follows that if x ∈ D \ L, then 〈x,L〉 = D, by the
minimal choice of D, and therefore D/L has prime order q , for some prime q . However,
the periodic finitary linear group L is necessarily locally finite so that D is also locally
finite.
Replacing x by a suitable power if necessary, we may assume that x has order qt for
some natural number t . If CL(x) is not ˇCernikov, then by [8, Theorem 5.8], it contains
an infinite direct product of cyclic groups and hence 〈x〉 has finite central dimension, by
Lemma 2.1. This gives the contradiction that x ∈ L, so it follows that CL(x) is a ˇCernikov
group. By a theorem of Hartley [7], L is almost locally soluble and hence contains a normal
locally soluble subgroup T of finite index. Since D/L is finite, we may assume that T
is D-invariant. Since T is not ˇCernikov, Zaicev’s theorem [15] implies that T contains
an 〈x〉-invariant abelian subgroup B = Drn∈N〈bn〉 and we may assume that bn has prime
order, for each n ∈ N. Let 1 = c1 ∈ B and C1 = 〈c1〉〈x〉. Then C1 is finite and there is
a subgroup E1 such that B = C1 × E1. Let U1 = core〈x〉 E1. Then U1 has finite index
in B . If 1 = c2 ∈ U1 and C2 = 〈c2〉〈x〉, then C2 is a finite 〈x〉-invariant subgroup and
〈C1,C2〉 = C1 × C2. Continuing in this manner, we can construct a family {Cn | n ∈ N}
of finite 〈x〉-invariant subgroups of B such that 〈Cn | n ∈ N〉 = Drn∈NCn and Lemma 2.1
again implies that x ∈ L, yielding the final contradiction. 
The following result is now immediate.
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either G satisfies the minimal condition or G is a finitary linear group.
4. Locally soluble groups with min-id
It is well known that locally soluble groups that are finite dimensional linear groups
are soluble. Our goal in this section is to extend this result to linear locally soluble groups
that satisfy min-id. Note that if H is a locally soluble subgroup of GL(F,A) with finite
central dimension, then, by [14, Corollary 3.8], H/CH(A/CA(H)) is soluble and, since
CH (A/CA(H)) is abelian, it follows immediately that H is soluble. Accordingly, we focus
our attention on locally soluble subgroups of GL(F,A) that have infinite central dimension
and satisfy min-id.
Lemma 4.1. Let G be a locally soluble subgroup of GL(F,A) that has infinite central
dimension and satisfies min-id. Then either G is soluble or G has an ascending series of
normal subgroups 1 = S0  S1  · · · Sω =⋃n∈N Sn G, such that Sn has finite central
dimension, and Sn+1/Sn is abelian for n  0. Moreover, in this case, G/Sω is a soluble
ˇCernikov group.
Proof. Our first goal is to show that G is hyperabelian. To accomplish this it suffices to
show that every non-trivial image of G contains a non-trivial normal abelian subgroup.
Let H be a proper normal subgroup of G. Suppose first that H has infinite central
dimension. Then G/H is locally soluble and has the minimal condition; such a group
is ˇCernikov and therefore has a non-trivial abelian normal subgroup. Now suppose that
H has finite central dimension. By Mal’cev’s theorem (see [12, Corollary to Theorem
8.23]), G/H has a series S = {Λσ/H,Vσ/H | σ ∈ Σ} of normal subgroups with abelian
factors. Let Σ1 be the subset consisting of those σ for which Λσ does not have finite
central dimension and let Σ2 be the corresponding set for the Vσ . Since G has min-id, it
follows that {Λσ | σ ∈ Σ1} and {Vσ | σ ∈ Σ2} have minimal elements which we denote by
Λµ and Vν , respectively. We have seen above that locally soluble groups of finite central
dimension are soluble and so Λσ is soluble for σ < µ and, likewise, Vσ is soluble for all
σ < ν. It follows that G/H contains a non-trivial normal abelian subgroup and so G is
hyperabelian.
Let 1 = H0 H1  · · ·Hα  · · ·G be a normal ascending abelian series in G and
let α be the least ordinal such that Hα does not have finite central dimension. Then, as
above, Hβ is soluble for all β < α. Moreover, G/Hα is a soluble ˇCernikov group since it
satisfies the minimal condition.
Suppose first that α is not a limit ordinal. Then clearly Hα is soluble and it follows
that G is soluble. Suppose now that α is a limit ordinal and that G is not soluble. For
each positive integer d there exists an ordinal βd < α such that Hβd has derived length at
least d . Moreover, we may clearly assume that βi < βi+1 for all positive integers i . For
each positive integer i , let Ti = Hβi so that 1 = T0  T1  · · ·  is an ascending series
of normal soluble subgroups of G. Now Tω = ⋃n∈N Tn is not soluble and so Tω = Hα .
A series 1 = S0  S1  · · ·  Sω = ⋃n∈N Sn  G with the properties referred to in the
M.R. Dixon et al. / Journal of Algebra 277 (2004) 172–186 179theorem can now be obtained by refining the series 1 = T0  T1  · · ·  Tω  G. The
proof is now complete. 
The structure of residually finite groups of infinite central dimension that satisfy min-id
is described by a special case of our next result.
Lemma 4.2. Let G be a finitary subgroup of GL(F,A) that has infinite central dimension
and satisfies min-id. Then G/GF is finite.
Proof. Let us suppose for a contradiction that G/GF is infinite. Then G has an infinite
descending series of normal subgroups G N1  N2  · · · , such that G/Ni finite is for
each i . It follows that, for some k, G/Nk is finite and Nk has finite central dimension.
Since G is finitary, there is a subgroup H of finite central dimension such that G = HNk
and hence G also has finite central dimension, which is the desired contradiction. 
We next show that the subgroup Sω that appears in Lemma 4.1 is soluble.
Lemma 4.3. Let G be a subgroup of GL(F,A) satisfying min-id and suppose that G has
an ascending series of normal subgroups 1 = S0  S1  · · · Sn  · · ·⋃n1 Sn = G,
in which each Sn has finite central dimension and each Sn+1/Sn is abelian. Then G is
soluble.
Proof. The argument given in the first paragraph of this section shows that we may assume
that G has infinite central dimension. Since A/CA(Sk) is finite dimensional, there is a finite
series of FG-submodules A = A0 A1  · · ·An(k) = CA(Sk), each factor of which is a
simple FG-module. Now Sk+1 also has finite central dimension and so we can extend the
above series to a series of FG-submodules A = A0 A1  · · ·An(k)  · · ·An(k+1) =
CA(Sk+1), each factor of which is simple, and in this way obtain an infinite descending
chain of FG-submodules A = A0 A1 A2  · · ·Aω = CA(G) with simple factors.
Let H = ⋂j0 CG(Aj/Aj+1). For each j , G/CG(Aj/Aj+1) is an irreducible finite
dimensional locally soluble group so, by Mal’cev’s theorem [14, Lemma 3.5], it is abelian-
by-finite. Since G/H embeds in the Cartesian product of the groups G/CG(Aj/Aj+1), it
follows that G/H is abelian-by-(residually finite). Moreover, G is a union of subgroups
of finite central dimension and so it is finitary and hence, by Lemma 4.2, G/H is actually
abelian-by-finite. Let K/H be a normal abelian subgroup of G/H such that G/K is finite.
Then K has infinite central dimension and hence K/H is ˇCernikov by Lemma 2.4. If H
has finite central dimension, then H/CH(A/CA(H)) is soluble by [14, Corollary 3.8] and,
since CH(A/CA(H)) is abelian, it follows that H is soluble whence so is G. Thus, we
may suppose that H has infinite central dimension.
To complete the proof it now suffices to show that H is soluble. To this end we first
suppose that charF = 0. If H = Lj for some j , we may suppose that j is minimal so that
H acts trivially on both A/Aj−1 and Aj−1/Aj . Clearly, this implies that H has a non-
trivial torsion-free abelian image, which contradicts Lemma 2.4. Therefore H = Lj for all
j and it follows easily that H is abelian. Finally, suppose that charF = p > 0 and note that
each Lj/Lj+1 is an elementary abelian p-group. Suppose that there exists j such that Lj
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central dimension. Since Lj−1/L′j−1 is a ˇCernikov group, we deduce that Lj−1/Lj is
finite. However, Lj−1 is finitary and it now follows that Lj−1 has finite central dimension,
a contradiction. Thus, each Lj has infinite central dimension and, as above, each Lj/Lj+1
is finite. Moreover, since H satisfies min-id, there exists k such that Lj = Lk for all j  k.
Evidently Lk is soluble and, since H/Lk is finite, we conclude that H is also soluble. This
completes the proof of the lemma. 
The following result is now immediate.
Theorem 4.4. Let G be a locally soluble subgroup of GL(F,A) that satisfies min-id. Then
G is soluble.
5. Soluble groups with min-id
Our goal in this section is to obtain the structure of soluble groups with min-id. Our first
result in this section is easily deduced from [11, 6.3.1 and p. 122] and indicates what type
of finitary ˇCernikov groups can occur in this context.
Lemma 5.1. Let G be an infinite ˇCernikov abelian q-subgroup of GL(F,A), for some
prime q . If G is a finitary linear group, then q = charF .
Our next result is the key to our main structural result in this section.
Lemma 5.2. Let G  GL(F,A) have infinite central dimension and suppose that G
satisfies min-id. Suppose also that G is an almost locally soluble non- ˇCernikov group.
(i) If charF = p > 0, then G contains a normal nilpotent bounded p-group H such that
G/H is ˇCernikov and the divisible part of G/H is a p′-group.
(ii) If charF = 0, then G contains a normal torsion-free nilpotent subgroup H such that
G/H is ˇCernikov.
In any case H has finite central dimension.
Proof. Since G does not have the minimal condition, Theorem 3.3 shows that G is a
finitary linear group. Let S be a normal locally soluble subgroup of finite index in G. Then
S has infinite central dimensional and Theorem 4.4 shows that S is soluble.
Let S = D0 D1 D2  · · ·Dn = 1 be the derived series of S. Then there exists m
such that Dm does not have finite central dimension but Dm+1 has finite central dimension.
By Lemma 2.4, Di/Di+1 is ˇCernikov for 0  i  m. Let U = Dm+1 and note that G/U
is ˇCernikov. Also, let C = CA(U) and note that C is an FG-submodule of A. Since U has
finite central dimension, A/C is finite dimensional, and so there is a series of submodules
0 = C0  C = C1  C2  · · · Ct = A
M.R. Dixon et al. / Journal of Algebra 277 (2004) 172–186 181such that C2/C1, . . . ,Ct/Ct−1 are simple FG-modules. Since G is soluble-by-finite,
Mal’cev’s theorem [14, Lemma 3.5] and Clifford’s theorem [14, Theorem 1.15] show that
G/CG(Ci+1/Ci) is abelian-by-finite, for 1 i  t − 1. Let H = CG(C1)∩CG(C2/C1)∩
· · · ∩ CG(Ct/Ct−1) and observe that G/H is also abelian-by-finite. Let V/H  G/H
be an abelian subgroup such that G/V is finite. Then V has infinite central dimension.
Lemma 2.4 now shows that V/H , and therefore G/H , is ˇCernikov. Since H acts trivially
on each factor Ci/Ci−1, we deduce that H is nilpotent. It also follows that H is torsion-free
if charF = 0 and that H is a bounded p-group if charF = p > 0.
Suppose that charF = p > 0. Since G is finitary, it follows that G/CG(C) embeds
as a finitary subgroup of GL(F,C). Now G/CG(C) is ˇCernikov since it is an image
of G/U and we deduce from Lemma 5.1 that the divisible part of G/CG(C) is a
p′-group. Moreover, [6, Theorem 3.1.3] shows that for each i with 1  i  t we have
Op(G/CG(Ci/Ci−1)) = 1. Hence, the divisible part of G/H is a p′-group.
Finally, since H is not ˇCernikov, H is infinite and hence H/H ′ is also infinite. If F has
characteristic p > 0, then H/H ′ is a direct product of infinitely many cyclic p-groups so
that H has finite central dimension by Lemma 2.4. If F has characteristic 0, then H/H ′
is not periodic. Hence, H has finite central dimension, again by Lemma 2.4. The result
follows. 
The preceding results can now be put together to give us the description of almost locally
soluble groups satisfying min-id, at least in the characteristic p > 0 case.
Theorem 5.3. Let F be a field of characteristic p > 0 and let GGL(F,A) be an almost
locally soluble group of infinite central dimension. Suppose also that G satisfies min-id
and is not ˇCernikov. Then G has a series of normal subgroups P D G satisfying the
following conditions:
(i) P is a nilpotent bounded p-group;
(ii) D = P Q for some non-trivial divisible ˇCernikov p′-subgroup Q, and G/D is finite;
(iii) P has finite central dimension and satisfies min-Q (the minimal condition on
Q-invariant subgroups), and Q has infinite central dimension.
In particular, G is nilpotent-by-abelian-by-finite and satisfies the minimal condition on
normal subgroups.
Proof. Lemma 5.2 shows that G contains a normal nilpotent bounded p-subgroup P of
finite central dimension such that G/P is ˇCernikov and the divisible part D/P of G/P is a
p′-group. By [8, 1.D.4], D = P Q where Q ∼= D/P is a divisible ˇCernikov p′-group and,
of course, G/D is finite. If D = P , then, since G is finitary and G/D is finite, it follows
that G has finite central dimension, a contradiction. Thus Q = 1. A similar argument shows
that Q also has infinite central dimension. Since P Q satisfies min-id, P clearly satisfies
min-Q, and it follows that D satisfies min-n, the minimal condition on normal subgroups.
Since G/D is finite, it is easy to see that G also satisfies min-n. 
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locally soluble groups with infinite central dimension in which all proper subgroups have
finite central dimension. We shall return to groups of this form in Corollary 5.6 below.
Corollary 5.4. Let F be a field of characteristic p > 0 and let GGL(F,A) be an almost
locally soluble group with infinite central dimension such that every proper subgroup of G
has finite central dimension. Then G ∼= Cq∞ for some prime q = p.
Proof. On considering the non-trivial subgroup Q that appears in Theorem 5.3, we see that
G is a ˇCernikov group. If the divisible part of G is a proper subgroup of G, then it has finite
central dimension which implies that G itself has finite central dimension, a contradiction.
Thus, G is divisible. Since it is clear that G is directly indecomposable, the result now
follows from Lemma 5.1. 
In fact, every Prüfer group P ∼= Cp∞ can be realized as a subgroup of infinite central
dimension in a suitable GL(F,A) in such a way that every proper subgroup of P has
finite central dimension. To see this let p,q be distinct primes and let K be the algebraic
closure of the field Fq with q elements. Then the multiplicative group of K is divisible
and contains a subgroup P ∼= Cp∞ . Let F = Fq [P ] be the field obtained by adjoining the
elements of P to Fq so that F is a subfield of K . Of course, F is a vector space over itself of
dimension 1 and P GL(F,F ) where P acts on F via field multiplication in the obvious
way. For each natural number k we let Pk = 〈xk,n | xpk,1 = 1, xpk,n+1 = xk,n, n ∈ N〉,
so that Pk ∼= P , and we let Ak be isomorphic to the additive subgroup of F . Since
Pk/〈xk,k−1〉 ∼= P , there is a natural action of Pk on Ak such that CPk (Ak) = 〈xk,k−1〉.
We let A = Drk∈NAk and view A as an infinite dimensional vector space over F . For
each natural number n we define an element zn = (x1,n, x2,n, . . . , xk,n, . . .) ∈ Crk∈NPk and
observe that Z = 〈zn | zp1 = 1, zpn+1 = zn, n ∈ N〉 ∼= Cp∞ . We now view A as a Z-module
in the natural way so that Z  GL(F,A). Now, since CAk(zn) = CAk (xk,n), it follows
that CA(zn) = Drkn+1 Ak , and therefore each proper subgroup of Z has finite central
dimension. However, CA(Z) = ⋂n∈NCA(zn) = 0 and so Z itself is not of finite central
dimension.
Next we construct a non- ˇCernikov example of the type occurring in Theorem 5.3. We
retain the notation introduced in the construction above and let
G =
〈(
ξ 0
0 1
)
,
(
1 f
0 1
) ∣∣∣∣ ξ ∈ P, f ∈ F
〉
,
a subgroup of GL(F,V ) where V = F ⊕F . It is easy to see that G = X  Z, where
X =
〈(
1 f
0 1
) ∣∣∣∣ f ∈ F
〉
and Z =
〈(
ξ 0
0 1
) ∣∣∣∣ ξ ∈ P
〉
.
Note that X is an infinite elementary abelian q-group and that Z ∼= Cp∞ . We may view A
as an FG-module on which X acts trivially and Z acts as in the previous construction. We
now form W = V ⊕ A, a direct sum of two FG-modules, and view G as a subgroup of
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minimal normal subgroup of G, it is easy to see that G satisfies min-id. We remark without
proof that, by increasing the size of the matrices used in the above construction, we can
obtain examples of groups G that have infinite central dimension, satisfy min-id, and have
arbitrarily large derived length.
We now consider the case of fields F of characteristic 0.
Theorem 5.5. Let G be an almost locally soluble subgroup of GL(F,A) where F has
characteristic 0. Suppose that G has infinite central dimension and satisfies min-id. Then
G is a ˇCernikov group.
Proof. We suppose that the result is false and that G is a counterexample. Let
S = {H G | H has infinite central dimension and is not ˇCernikov}.
Then S is a nonempty subset of Lid(G) and hence has the minimal condition. Let D ∈ S
be a minimal element of S and let S be a normal locally soluble subgroup of D of
finite index. Since D is finitary, by Theorem 3.3, it follows that S has infinite central
dimension so that the minimal choice of D implies that S = D. Hence D is soluble, by
Theorem 4.4. By Lemma 5.2, D contains a normal subgroup H of finite central dimension
such that H is nilpotent, torsion-free and D/H is ˇCernikov. Since D is not ˇCernikov,
H = 1. By the above arguments, D/H must be divisible. If D/H is not a Prüfer group,
then D/H = D1/H × D2/H , where D1,D2 = D. By the minimal choice of D, D1 and
D2 both have finite central dimension, yielding the contradiction that D has finite central
dimension. Hence, D/H ∼= Cq∞ , for some prime q . Let X be a proper subgroup of D. If
XH = D then, since H has finite central dimension, X has infinite central dimension and
by the minimal choice of D, X is ˇCernikov. Thus, X ∼= D/H , since H is torsion-free, and it
follows that X is abelian in this case. If XH/H is finite, then X is nilpotent-by-finite. Thus,
every proper subgroup of D is nilpotent-by-finite and it follows from [5, Theorem 2.5] that
D is periodic and therefore ˇCernikov. This contradiction completes the proof. 
Corollary 5.6. Let F be a field of characteristic 0 and let GGL(F,A) be almost locally
soluble and of infinite central dimension. If every proper subgroup of G has finite central
dimension, then G ∼= Cp∞ for some prime p.
6. Locally finite groups with min-id
In this final section we apply the preceding results to obtain structure theorems for
locally finite groups with min-id. The structure of such groups is quite restricted.
Lemma 6.1. Let G be a locally finite subgroup of GL(F,A). Suppose that G has infinite
central dimension and satisfies min-id. If Q is a Sylow q-subgroup of G, where q = charF ,
then Q is a ˇCernikov group.
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minimal condition so Q has an infinite strictly descending chain of subgroups H1 >
H2 > · · · . Since G satisfies min-id, there is a natural number k such that U = Hk has
finite central dimension, but does not have the minimal condition. If C = CA(U), then
C has finite codimension. However, the Sylow q-subgroups (for q not the characteristic
of the field) of a finite dimensional linear group are ˇCernikov (see [14, 9.1] for example)
and hence U/CU(A/C) is ˇCernikov. If F has characteristic 0, then CU(A/C) is torsion-
free and hence trivial so that U is ˇCernikov, contrary to the choice of U . If F has
characteristic p, then CU(A/U) is an elementary abelian p-group and hence trivial so
that again U is ˇCernikov, a final contradiction. 
During the proof of our final result we shall often use Theorem 4.4 and [14, 3.8
Corollary] without explicit mention.
Theorem 6.2. Let G be a locally finite subgroup of GL(F,A). Suppose that G has infinite
central dimension and satisfies min-id. Then G is almost soluble.
Proof. By Theorem 3.3, either G is finitary or G satisfies the minimal condition. In the
latter case G is a ˇCernikov group and hence is abelian-by-finite. Hence, we may assume
that G does not have the minimal condition so that G is a finitary group. If F has
characteristic 0, then Lemma 6.1 implies that the Sylow p-subgroups of G are ˇCernikov
for all primes p and by a theorem of Belyaev [1], G is almost locally soluble. Hence G is
almost soluble in this case by Theorem 4.4. Thus we may assume that F has characteristic
p > 0 and we suppose for a contradiction that G is not soluble-by-finite. Let
S = {H G | dimF H is infinite and H is not almost soluble}.
Then S is non-empty and satisfies the minimal condition. Let R be a minimal element
of S . First we show that every proper subgroup of R has finite central dimension. If H is
a proper subgroup of R of infinite central dimension, then H is soluble-by-finite. Since G
is finitary, the (locally) soluble radical of H must also have infinite central dimension
and by Theorem 5.3, H contains a divisible ˇCernikov p′-subgroup D, also of infinite
central dimension. Hence, D contains a subgroup Q isomorphic to Cq∞ of infinite central
dimension, for some prime q = p. If Q  R, then R/Q satisfies the minimal condition
and hence R is ˇCernikov, contrary to the choice of R. In particular, this means that there is
an element x ∈ Q such that CR(x) = R and since Q CR(x), it follows that CR(x) also
has infinite central dimension. Since G satisfies min-id, it is easy to see that there is an
element y ∈ Q with the property that if z ∈ Q and 〈y〉 〈z〉, then CR(z) = CR(y). Hence
CR(y) = CR(Q) and in particular, Q CR(y). Again it follows that CR(y) is ˇCernikov.
By Hartley’s theorem [7, Theorem 1], it follows that R is almost soluble, which is again
a contradiction and hence the proper subgroups of R are of finite central dimension as
required.
Let S be the soluble radical of R. Then, according to [11, Theorem 8.5], R/S is also
a finitary linear group and, of course, has trivial locally soluble radical. By a theorem of
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types:
(i) M/S is a direct product of (isomorphic) simple groups that are either finite or of Lie
type;
(ii) M/S is isomorphic to an alternating group on some infinite set; or
(iii) M/S is a simple group of classical type.
We consider each of these possibilities for M/S in turn, starting with case (i). Let
M/S = Dri∈IMi/S, where for each i ∈ I , Mi/S is finite or of Lie type. We first note
that I is finite. Let q = p be a prime in the set π(Mi/S). If I is infinite, then M/S contains
an elementary abelian q-subgroup of infinite rank. On the other hand, by [8, 1.D.4 Lemma]
and Lemma 6.1, any countable q-subgroup of M/S is ˇCernikov and this establishes the fact
that I is finite.
Now, by [4], R/S acts as a finitary permutation group on the set of simple factors of
M/S. If the kernel of this action is T/S, then since I is finite, it follows that R/T is finite.
If R = T , then the fact that R is finitary and T has finite central dimension together give
the contradiction that R has finite central dimension. Hence, R/S must act trivially on the
factors of M/S and hence M/S is simple. If M/S is finite, then it must be central in R/S,
a contradiction. Hence M/S is of Lie type and therefore Out(M/S) is soluble. Suppose
that R = M . If R/S = M/S × CR/S(M/S), we obtain the contradiction that R is of finite
central dimension, since all proper subgroups of R have this property. Otherwise R/R′
is, by Lemma 2.4, a non-trivial divisible ˇCernikov group. If C = CA(R′), then R/CR(C)
embeds as a finitary subgroup of GL(F,C) and Lemma 5.1 implies that R contains a
normal subgroup H such that R/H is a non-trivial divisible ˇCernikov q-subgroup for
some prime q = charF . Hence there is a q-subgroup Q of R such that R = QH , by
[8, 1.D.4 Lemma]. Since Q and H both have finite central dimension, so does R, which
is a contradiction. It follows that R = M and that R/S is itself simple. Clearly R/S is not
finite so it must be of Lie type.
We now claim that R/S is actually a group of finitary transformations on B = CA(S).
There is a natural representation θ : R → GL(F,B) defined by w · θ(g) = w · g, whenever
w ∈ B , g ∈ R. Since B = CA(S), it follows that S  ker θ and since R/S is simple, we
have S = kerθ or kerθ = R. In the latter case R acts trivially on B so that B  CA(R).
Since S has finite central dimension, it follows that A/CA(R) is finite dimensional, giving
the contradiction that R has finite central dimension. Thus ker θ = S and the induced map
θ¯ : R/S → GL(F,B) is a faithful representation. Of course CB(g) = CB(gS) for all g ∈ R
and B/CB(g) is finite dimensional so R/S is a group of finitary transformations on B as
claimed. We now apply [3, Theorem 4.5] to deduce that B = C ⊕ D where C is finite
dimensional as an F -space and D  CB(R/S). Since S acts trivially on both C and D,
they are both R-subspaces and D  CB(R). It follows that R has finite central dimension
and we conclude that case (i) cannot occur.
In cases (ii) and (iii) M/S is isomorphic to a non-linear simple locally finite group.
It follows by the classification of finite simple groups and [8, 4.8 Theorem] that M/S
contains, for each prime p, an infinite elementary abelian p-subgroup. This contradicts
[8, 1.D.4 Lemma] and Lemma 6.1. The proof is complete. 
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